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We discuss two claims made in Weinstein’s paper [Weil0] about the closedness
of principal ideals that are used in his proof of Theorem 2.7.3. We use the exact
same notation as in this paper, which we therefore do not explain here.

Closedness of nA, where n € A, for some r

The fact that 7, A is closed, is used in the proof of [WeilO|[Lemma 2.8.13]. We
prove more generally that nA is closed whenever n € A, for some finite r > 0. We
recall the following lemma comparing the maximal ideals of A; and A,,:

Lemma 1 ([WeilO|[Lemma 2.8.11]). Let n > 1. As ideals in A,, we have [ A,, C

n(m—1) n(m— n(m—
T Y gnd [V 1A,

The proof of closedness of nA relies on the above lemma and the fact that the
A,, are regular local rings.

Lemma 2. Let n € A,.. Then nA is closed.

Proof. 1f nis 0 in A, this is trivial. So suppose 71 is non-zero. Let ¢ > 0 such that
n ¢ I°A. _

Let N > 1 and suppose nz € IV A. Write A = hgnm A, which becomes A when
I-adically completed. By [Sta22, Tag 05GG]| the canonical map

AJTNA — AJIN A
is an isomorphism. Therefore, there exists an m > r such that we can choose an
7 €A, withx — 2 € INA,, and nz € INA,,. By Lemmathis means

nz e N,
Since A,, is a regular local ring, its associated graded ring @;>oI’, /I is isomor-
phic as a graded k-algebra to a polynomial ring over k (in dim A,, = h variables).

By Lemma , n & IV e see, using the graded isomorphism of the associated
graded ring with &[T}, ..., T,], that

F e N ity


https://stacks.math.columbia.edu/tag/05GG

where we have used Lemma 1| for the inclusion again and where we write |-| for
the floor function. We conclude that

zelln-ta. (1)

Therefore, if nxi,nrs, ... is a sequence in nA that has a limit in A, then this limit
is in nA: indeed, let N > 0, then there is an M such that for all ¢, j > M we have
n(xi—xz;) € INA. Then bywe have z; —x; € T4 A, which proves the sequence
x1,To, ... also converges, to x, say. Then necessarily lim; .. nx; = nr € nA. This
proves closedness of nA. |

Closedness of 7B

Recall that
1/g°>° 00 - A~
B: OKO[[Xl/q ’.,.,Xg ]]®OKO[[X1/qOOHOKoo’

that is, B is the (7, X; ® 1,..., X,, ® 1)-adic completion of
~ . .
B = Ok [X/7, ..., X] R0y, /] Ok

Recall that the map O, [X/?"] — Ok, (X197 X ] sends X V4" to 6(Xy, ..., X,) 4"
and that Ok, [XV7"] — Oy sends X" to

wl/qm — lim (X(m-i—l))ql
1—00 ’
where (XM, X®@ ) € AA"é(Of(oo) with each X(® a (universal) Drinfeld basis
for A"G[n"](Ox_). The X© topologically generate Oy over Ok, and can be
expressed as

m—o0

X(Z) = lim [Wm]AnG <’w1/qm+i> .

It follows that the map Ok, [X4"] — O is surjective, because the w'/?"
topologically generate O over Of,.
The morphism

O [XV* ..., X} = B
is therefore also surjective and its kernel b is generated by the relations
“S(Xq,..., X))V =gl

Since Ok, [X1/77,. .. ,Xyl/qw]] is (7, X1, ..., X, )-adically complete, it follows that
the morphism Ok, [[Xll/qoo, ... X}] = B is surjective with the closure b of b as
kernel.

The ideal 7O, [ X, XY qoo]] is clearly closed and one might hope to reduce
to this, but unfortunately this is not as easily done as (perhaps) thought. Indeed,
closedness of wB is equivalent to closedness of the ideal

b+ 7Ok, [ X1/, ..., X7,

because closedness of 7B is equivalent to separatedness of B/7B.
From this, closedness of mB can be seen equivalent to closedness of the image of b
in

O [XV7™ L XY fm O [XVT, L X = T [XV L X,
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We claim that actually the image of b is closed in F,[X;/7 ..., Xa/""] already
and thus this image must be the same as b, which is therefore closed, proving
closedness of 5.

Indeed, the quotient of IETq[[Xll/qoo, o ,X,i/qoo]] by the image of b is

F X1, XY ] @ ey O /7 ETFXYT L XY @ pxvjee) O /T
= F_Q[[Xll/qooa SR ’Xi/q‘x’]] ®E[X1/Q°°]] (hﬂ OKm/ﬂ_> :

Now notice that /4" = X mod «, which follows from [@]jna(X) = X9
mod 7. Therefore, we see that this quotient is isomorphic to

lim (E[[Xll/qw, o X @ OKm/”) =

lim B, [X, 7, XY ] (@ (3(X0, -, X)) =

. =1/ 1/¢% 1/q™ (a=1)g™ "\
limg [ X7, X077/ (00X, X)) -
lig T, [ X (0K, X)) )
E[[Xll/qoov s 7Xi/q°°]]/ <(5(X17 s 7Xn)1/q)q_1> :

Closedness of the image of b is equivalent to separatedness of the quotient, which
we see is equivalent to closedness of the principal ideal of F,[X| XY T
generated by ((5(X1, - ,Xn)l/q)qfl. A moment’s thought shows that the latter
ideal is indeed closed, whence we conclude. H
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